CYCLIC BRANCHED COVERINGS OF KNOTS AND QUANDLE 

HOMOLOGY 



YUICHI KABAYA 

Abstract. We give a construction of quandle cocyclcs from group cocycles, 
especially, for any integer p > 3, quandle cocycles of the dihedral quandle Rp 
from group cocycles of the cyclic group Z/p. We will show that a group 3- 
cocycle of Z/p gives rise to a non- trivial quandle 3-cocycle of Rp. When p is an 
odd prime, since dimp^ Hq{Rp;¥p) = 1, our 3-cocycle is a constant multiple 
of the Mochizuki 3-cocycle up to coboundary. Dually, wc construct a group 
cycle represented by a cyclic branched covering branched along a knot K from 
the quandle cycle associated with a colored diagram of K. 



1. Introduction 

A quandle, which was introduced by Joyce | Joy| , is an algebraic object whose 
axioms arc motivated by knot theory and conjugation in a group. In [CJKLSj . 
Carter, Jelsovsky, Kamada, Langford and Saito introduced a quandle homology 
theory, and they defined the quandle cocycle invariants for classical knots and 
surface knots. The quandle homology is defined as the homology of a chain complex 
generated by cubes whose edges are labeled by elements of a quandle. On the other 
hand the group homology is defined as the homology of a chain complex generated 
by tetrahedra whose edges are labeled by elements of a group. So it is natural to 
ask a relation between quandle homology and group homology. This question also 
arises from the fact that the quandle cocycle invariants were defined as an analogue 
of the Dijkgraaf-Witten invariants, which are defined using group cocycles. 

In |IK| . the authors defined a simplicial version of quandle homology and con- 
structed a homomorphism from the usual quandle homology to the simplicial quan- 
dle homology. The important point is that this homomorphism gives a triangulation 
of a knot complement in algebraic fashion. This enables us to relate the quandle 
homology to the topology of knot complements. 

In this paper, we apply the results of jlKI to construct quandle cocycles from 
group cocycles. First, we demonstrate how to give a quandle cocycle of the di- 
hedral quandle Rp from a group cocycle of the cyclic group Z/p for any integer 
p > 3 in Section [71 We will show that a generator of H'^{'L/p]'L/p) gives rise to 
a non-trivial quandle 3-cocycle of Hq{Rp;'L/p). When p is an odd prime, since 
dimpp Hq{Rp]¥p) = 1, our quandle 3-cocycle is equal to a constant multiple of the 
Mochizuki 3-cocycle [Mocj up to coboundary. 

Then we generalize the construction to wider classes of quandles. Let G be a 
group and h be an element of G, then the set Conj(/i) = {g~^hg\g S G} forms a 
quandle by conjugation. (It is known by Joyce |Joy[ that any faithful homogeneous 
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quandlc has such a presentation.) When some obstruction in second cohomology 
vanishes, we wih construct a quandlc cocyclc of Conj(/i) from a group cocycle of G. 

Dually, we relate the quandlc cycle associated with an arc and region coloring 
(shadow coloring) of a knot K io a group cycle represented by a cyclic branched 
covering branched along K. Let Z? be a diagram of K. We can define the notion of 
arc and region colorings of D by a quandlc Conj(/i). A pair of an arc and a region 
coloring is called a shadow coloring. We can associate a cycle of a quandlc homology 
group to a shadow coloring of D. Using the homomorphism constructed in |IK) . 
we will construct a group cycle of G represented by a cyclic branched covering 
branched along K. This reveals a close relationship between the shadow cocycle 
invariant of a knot and the Dijkgraaf-Witten invariant of the cyclic branched cover. 

We remark that Hatakenaka and Nosaka defined an invariant of 3-manifolds 
called the 4-fold symmetric quandlc homotopy invariant [HN| . based on the fact 
that any 3-manifold can be represented as a 4-fold simple branched covering of 
along a link. As an application, they showed that the shadow cocyclc invariant of a 
link for the Mochizuki 3-cocycle is equal to a scalar multiple of the Dijkgraaf-Witten 
invariant of the double branched cover along the link. 

This paper is organized as follows. In Section [21 we recall the definition of 
group homology and show how to represent a group cycle by a triangulation with 
a labeling of its 1-simplices. We give a presentation of the fundamental group of a 
cyclic branched covering branched along a knot in Section [3l which is independent 
from the other sections. In Section [51 we construct a group cycle represented by 
a cyclic branched cover. We recall the definition of quandles and their homology 
theory in Section [51 We review some results from |IK[ in Section [51 and apply them 
to construct quandlc cocycles of the dihedral quandle Rp in Section [71 The reader 
who is interested in the form of the 3-cocycle, consult (|7.5p (and (|7.4p ). We will 
generalize the construction to wider classes of quandles in Section [51 In Section 
[HI we construct a group cycle represented by a cyclic branched covering from the 
quandle cycle associated with a shadow coloring. The reader who is only interested 
in the construction of quandle cocycles from group cocycles may skip Sections [21 - 
[1 except gin 
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2. Group homology 

In this section, we collect basic facts on group homology. In H2.ll we review the 
definition of group homology. We refer to |Bro| for details. The material discussed 
in §2.21 and ^ 32. 31 was developed in |Neu| . 

2.1. Group homology. Let G be a group. Let Cn{G) be the free Z[G]-module 
generated by n-tuples [(^ij . . . |gi„] of elements of G. Define the boimdary map d : 
C„(G)->C„_i(G) by 

9{[9l\ ■ ■ ■ ISn]) =51 [52 I . . . \gn] 
n-1 

+ J2^-m9l\ ■ ■ ■ \9^9^+l\■ ■ ■ \9n] + (-l)"[5l| • • • Iffn-l]- 
i=l 
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We remark that the chain complex {• • • Ci(G) — > Co(G) ^ Z ^ 0} is acychc, 
where Cq{G) = Z[G'] ^ Z is the augmentation map. So the chain complex C*{G) 
gives a free resolution of Z. Let M be a right Z[G]-module. The homology of 
Cn{G;M) = M (8)z[G] Cn{G) is called the group homology of M and denoted by 
H„ iG] M). In other words, -ff„(G; A/) = Tor^I^' (M, Z). 

Let G;(G) be the free Z-module generated by (50, • ■ • ,5n) € G"+i. Then C'„{G) 
is a left Z[G]-module by the action ^(go, ■ • • , ffn) = (5ffo, ■ • • , 35n)- Define the bound- 
ary operator of G'^{G) by 

n 

d{go, • ■ ■ , 5n) = ^(-l)Xffo, • ■ • , ffi, ■ • ■ , 

'i=0 

C*{G) and G'^{G) are isomorphic as chain complexes. In fact, the following corre- 
spondence gives an isomorphism: 

[3i|g2| • ■ • \9n] ^ (1,31, .9132, • • • ,31 • ■■971) 

( 9o[9Q^9i\9i^92\---\gn-i9n]^ {go,---,9n) ) 

The notation using (30, • ■ • , g-n) is called homogeneous and the one using [31 1 . . . \gn] 
is called inhomogeneous. 

Factoring out G„(G) by the degenerate subcomplex, that is generated by [31I . . . \gn] 
such that 3i = 1 for some i, we obtain the normalized chain complex and its ho- 
mology group. It is known that the group homology using the normalized chain 
complex coincides with the homology using the unnormalized one. In the homoge- 
neous notation, we factor out G4(G) by the subcomplex generated by (30, • ■ • ,3n) 
such that 3; = 3^-1-1 for some i to define the normalized chain complex. 

For a left Z[G]-module N, the group cohomology H"{G;N) is defined as the 
cohomology of the cochain complex G" {G; N) ~ Hom^ic] (G„(G), N). Let A be an 
abelian group. A cocycle of G"(G;A) in the homogeneous notation is a function 
/ : G"+^ A satisfying the following conditions: 

n+l 

(!) ^(-l)V(xo, . . . , f;, . . . , Xn+l) = 0, 
1=0 

(2) figxo, . . . , gxn) = fixo, Xn) for any 3 G G. (left invariance) 
If / also satisfies 

(3) f{xQ, Xn) = a Xi= Xi+i for some i, 

then / is a normalized n-cocycle. We can show that any n-cocycle is cohomologous 
to a normalized n-cocycle. 

2.2. Cycles represented by triangulations. Let A be an n-dimensional sim- 
plex. We label the vertices of A by 0, 1, . . . , n. A face of A is presented by a subset 
of {0, 1, . . . , n}. Let («o, ■ ■ - ik) be the face spanned by zq, . . . , «fe G {0, . . . ,n} with 
a vertex ordering given by ip, . . . , i^. Any face inherits a vertex ordering from the 
vertex ordering of A i.e. (iq, ■ ■ - ik) with ia < ii < ■ ■ ■ < u-. 

Definition 2.1. Let T be a CW-complex obtained by gluing a finite number of 
n-dimensional simplices along their (n — l)-dimensional faces in pairs by simplicial 
homeomorphisms. We denote the fc-skeleton of T by T''"''. We assume that the 
gluing maps preserve the vertex orderings of the faces. Then T — T^""^^ is homeo- 
morphic to a topological n-manifold (not orientable in general). When T — T^"~^^ 
is oriented, we call T an ordered n-cycle. 
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Figure 1. A labeling of a simplex. 
Consider an n-cycle a of C„(G; Z). Then a is represented by a sum 

where = ±1 and g^k S G. For each \gj\ \ ■ ■ ■ |.9jri], take an ri-simplex Aj. Then 
label the edge (1112) of Aj by gjix9j(ix^\) ■ ■ ■ Sji2 f^^' *i < *2- In particular, we have: 

(0,l)^,9ji, (l,2)o.gj2, ... ,{n~l,n) ^ gjn. 

We denote the label of (ii, 12) by A(ii, 12). For ii > 12, label the oriented edge (ii, 12) 
by A(i2,ji)^^. For any 2-dimensional face {io, 11,12), we have A(io, ii)A(ii, 12) = 
A(io:*2)- Rewriting them in the homogeneous notation, we assign labels to the 
vertices of Aj as 

Ool, log^i, 2 ^ gjigj2, ■■■ ,n^gji...gjn 

up to the left action of G (Figured]). 

Since da = 0, (n ^ l)-dimensional faces cancel in pairs. Gluing A^'s along their 
faces according to such pairings, we obtain an n-cycle T. At any [n — l)-simplex of 
T, there exist exactly two adjacent n-simplices. The labelings of the (n— l)-simplex 
derived from these two n-simplices coincide. Thus we have a well-defined labeling 
of 1-simplices A : {oriented 1-simplices of T} G satisfying, 

(1) A(io, ii) A(ii, 12) = A(io, 12) for any 2-dimensional face (10,11,12), 

(2) A(^l,^o) = A(io,«i)-^ 

We call a labeling of 1-simplices satisfying the conditions ([T]) and ([2]) G-valued 
1-cocycle. Orient Aj positive if ej = 1 and negative if = —1. Since these 
orientations agree on face pairings, thus we have an orientation on T. Therefore 
T is an ordered n-cycle with a G-valued 1-cocycle A. In general, T may not be 
connected, but we assume that T is connected because we can treat each connected 
component separately in our arguments. Conversely any ordered n-cycle T with a 
G-valued 1-cocycle A represents an n-cycle of G„(G;Z). 

2.3. Group cycles and representations. Suppose a cycle a G Cn{G;'Z) is rep- 
resented by an ordered n-cycle T with a G-valued 1-cocycle A. Then a induces a 
homomorphism from 7ri(T) to G as follows. Let T be the universal covering of T 
and p : T — > T be the covering map. Then the simplices of T lift to simplices of T 
and each lift has an induced vertex ordering compatible with adjacent n-simplices. 
The G-valued 1-cocycle A of T induces a G-valued 1-cocycle of T. Consider a 
"fundamental domain" of T, that is a contractible subcomplex D oi T such that 
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7G7ri(Af) 

• DC] = (lower dimensional simplices) , for any 7^1, 

where we regard 7ri(T) as the group of deck transformations. By definition, the 
number of n-simplices in D coincides with the number of n-simplices in T, in 
particular finite. We fix a base point 7 in the interior of D. Each (n — l)-simplex 
on dD is glued to another (n — l)-simplex on dD. We denote such pair of faces 
by Fr^. Let Xi be a path in T which starts at * = pi*), traverses p{Fi) in the 
direction from to F^ and ends at *. These paths form a system of generators 
of the fundamental group tti(T, *). The relations are given at any (n — 2)-simplices, 
around which there are a finite number of p(Ji)'s. 

Fix an n-simplex A in D and a labeling of vertices of A derived from A. Then n- 
simplices adjacent to A inherit labelings of vertices from A. In this way, all vertices 
of D are labeled by elements of G. Now consider the labeling of vertices of F^^ 
and F^ . Since these reduce to the same labeling of edges, they coincide up to left 
multiplication. Therefore there exists an element of G which sends the labeling of 
vertices of i^^ to the one of F^ . Denote the element by p{xi). This p induces a 
homomorphism p : 7Ti{T, *) -> G. 

Conversely if we have an ordered n-cycle T and a homomorphism p : 7ri(T, *) — >■ 
G, we can construct a G- valued 1-cocycle A and then a cycle of C„(G;Z) up to 
boundary as follows. Since p induces a map T — > K{tti{T, *), 1) — > BG, we obtain 
a labeling of 1-simplices A of T. This gives rise to a G-valued 1-cocycle A and a 
homology class in HniG'jZ). The G-valued 1-cocycle A is well-defined up to the 
coboundary action. A map p : {0-simpliccs of T} ^ G acts on a G-valued 1-cocycle 
A as a coboundary action by 

(il,i2) ^^ M(«l)~^^(il-*2)Ai(»2)- 

We can show that the homology class obtained from A does not change under the 
coboundary action. For any g € G, the cycle corresponding to the representation 
g~^pg is obtained from A by the coboundary action by p = g. As a result, the 
homology class obtained from p depends only on the conjugacy class of p. 

For a closed oriented n-manifold M and a representation p : 7Ti{M) G, we 
have a homology class defined by the image of the fundamental class [M] under the 
map Hn{M) H„{K{tti{M), 1)) iJ„(G;Z). When M is homeomorphic to an 
ordered n-cycle T, the homology class is represented by a G-valued 1-cocycle A of 
T associated with p. In this situation, we say that the homology class defined by 
M and p is represented by T and A. 

3. Cyclic branched covering 

In this section, we give a presentation of the fundamental group of a cyclic 
branched covering from the Wirtinger presentation. 

3.1. Presentation of the fundamental group of the branched cover. Let 

K he a knot in and D be a diagram of K. Then 7ri(S''^ — K) is presented by 
generators and relations, called the Wirtinger presentation. Let xi,. . . ,Xn be the 
generators of the Wirtinger presentation, that correspond to the arcs of D. Each 
crossing (Figured]) gives rise to a relation Xk = xJ^XiXj. 
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For any integer / > 1, let C/ be the /-fold cyclic covering of K, i.e. the manifold 
corresponding to the kernel of 

7ri(S'^ - K) Hi{S^ - K) ^ Z ^ Z/l. 

Putting back the knot iiT to Ci, we obtain the /-fold cyclic branched covering Ci of 
K. 

Proposition 3.1. ■ki{Ci) has the following presentation: 
Generators: Xi^s (i = 1, 2, . . . , ri, s = 0, 1, 1), 
Relations: Xk^s = xj\_-^^Xi^s^iXj,s {for each crossing and s = 0, 1, — 1), 
a;i,o = a;i,i = • • • = xi^i-2 = 1- 
The inclusion map 7ri(C;) — > 7ri(5'^ — K) is given by 

s—l —s 
•^i.s ' ' ^1 XiX-^ , 

if we take appropriate base points. By adding a relation Xi^j-i = \, we obtain a 
presentation of'Ki{Ci). 

A method for obtaining a presentation of the fundamental group of a branched 
covering is given m [Rol] . But we give a proof here because some techniques will 
be used to construct a group cycle represented by Ci later. 

Proof. First, we construct a handle decomposition of the knot complement associ- 
ated with the Wirtinger presentation (Figure Then we lift the handle decompo- 
sition to a handle decomposition of Ci (Figure S]). After that, we read the relations 
given by attaching 2-handles. 

Let N{K) be a regular neighborhood of K. We shall give a handle decom- 
position of — N{K). We represent by the one point compactification of 
= {{x,y,z)\x,y,z e M}. Let = {z > 0} U {oo} and B_ = {z < 0} U {oo}. 
We denote the equatorial sphere of S'^ by 5*0 = {z = 0} U {oo}. Put if in a position 
such that the projection to 5*0 has only double points. Let n be the number of the 
crossings of this projection. We deform K in the z-direction so that K intersects So 
at 2n points and each of B±r]K consists of n arcs. We call B+DK over-crossing arcs 
and B_ n K under-crossing arcs. Index the arcs of B+ n K by x,; (i = 1, 2, . . . , n). 

Now B^ — N{K) is homeomorphic to a handlebody of genus n (see Figure 
Projecting the over-crossing arcs to ^o, we obtain a meridian disk system of the 
handlebody. We denote the meridian disk corresponding to Xi by Di. For each 
under-crossing arc, attach a 2-handle x along dD^ x to _B+ — N{K) 
(see Figure[3|). Then the resulting manifold is homeomorphic to {S^ — N{K)) — B^ 
where B^ is a 3-ball. Attaching B^ along the boundary to d{{S^ — N{K)) — 
B^), the resulting manifold is homeomorphic to — N{K). So we have a handle 
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Xl X2 X3 

Figure 3. A handle decomposition of a knot complement. 



decomposition of — N{K) into one 0-handle, n l-handles, n 2-handles and one 
3-handle. In this handle decomposition, l-handles correspond to the Wirtinger 
generators and 2-handles to the Wirtinger relations. We denote the set of i-handles 
hy h' and X« =h°U---Uh\ 

Next we consider the preimage of X^^^ in C/. Cut X^^^^ along the meridian disks 
Di, and denote the resulting manifold by B, which is homeomorphic to a 3-ball. 
Let * be a point in i? C S*"^ — N{K). We take a loop in X^^^^ which starts at *, then 
intersects the meridian disk Di and ends at *. Orient the loop so that it corresponds 
to the generator of Hi{S^ — K). By abuse of notation, we also denote this loop by 
Xi. Take a lift Bq C Ci of B and denote the preimage of * e _B in by ?. Then 
there exists a unique lift Xi of the loop Xi starting at S. Since Xi corresponds to the 
generator of Hi {S^ — K), Xi ends at another lift of B, we denote it by Bi. Similarly 
the lift of Xi starting at Bi ends at another lift, we denote it by i?2- Continuing this, 
we see that Bi = Bq and all lifts of B will appear. Therefore the preimage of X'^^^ 
is decomposed into I 3-balls i?o U Si U • • • U The intersection of Bg and Bg+i 

consists of n disks each of which is a lift of a meridian disk Dj. We denote this lifted 
disk by A,s (Figure [4]). It is easy to check that {Di^i-i} U {I>i,s}i=2,...,n,s=o,...;-i 
forms a meridian disk system of the preimage of X^^\ Denote the lift of Xi starting 
at Bs (ending at Bs+i) by Xi^s- Then the generator of 7ri(C/, *) corresponding to 
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Figure 4. A handle decomposition of C;. 



the meridian disk Di g is given by 

(3.1) ^1,0^1,1 • ■ • Si,s-iJi,sJri^M-i ■ • • ^1,0- 

We denote this element by Xi^s- To give a simple presentation of 7ri(C;, *), we add 
extra generators xi.o, xi^, . . . , a;i_i_2 corresponding to xi^o^xi^i, . . .xi^i-2 respec- 
tively and relations xi.o = a^i.i = • • • = xi./_2 = 1- 

Finally we consider the relations given by the lifts of 2-handles. We see that the 
relation Xk ~ xJ^XiXj lifts to 

*^fc,s •^j^s—'i'^i,s — l'^j,s 0, 1, . . . , / 1), 

see Figure m 

Since the generator Xi^s is represented by p.ip . the inclusion map 7ri(C/.?) 
Tri{S^ — K, *) is given by Xi^s '-^ xl~^XsXi'' . This proves the second statement. 

By adding a 2-handle to C; along xi^xi^i . . . xi^i-i and capping off the resulting 
sphere, we obtain a manifold homeomorphic to the cyclic branched covering C;. 
Therefore a presentation of the cyclic branched covering is obtained by adding a 
relation xi^i-i = 1. □ 

4. Cycle represented by cyclic branched covering 

For a representation p : iriiS^ — K) — > G, we have the restriction map p\-^-^(Ci) '■ 
TTi{Ci) G given by 

(4-1) pU^(c,){x^,s) = p{xiY-^p{x,)p{xi)-'. 

If = 1, it reduces to a representation p : tti{Ci) — > G and there is a group 

cycle given by C; and p. In this section, we construct an explicit ordered 3-cycle 
and its G- valued 1-cocycle representing the homology class given by C; and p. First 
we give a triangulation of — N{K) associated with the Wirtinger presentation. 

Let K he knot and fix a diagram of K . As in the proof of Proposition 13.11 
we define B± and give a Heegaard splitting of B+ — N{K) with the meridian disks 
Di. Cutting the handlebody B+ — N{K) along the meridian disks Di, the result 
is a ball with 2n 2-cells on the boundary. We denote the resulting 3-ball by B 
and the pair of 2-cells corresponding to Di by and F~ so that the Wirtinger 
generator corresponding to Xi runs from to (Figure [SJ A)). Now consider the 
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Figure 5. A polyhedral decomposition of — ^iK). We are 
viewing from inside of B^. The white rectangles in (A) and (B) 
correspond to the attaching regions of the 2-handles. 
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Figure 6. Stabilizations of the handle decomposition. 




Figure 7. The orderings of the tetrahcdra of B. 



attaching regions of the two handles corresponding to under-crossing arcs, which 
consist of annuh x D^{c x D^) on d{B+ — N{K)). Each annulus is divided 
by -Dj's into 4 rectangles on dB. We define a graph on dB with vertices consisting 
of and edges consisting of these rectangles (Figure EjB)). Each vertex of this 
graph has valency at least four. We can make all vertices of the graph into trivalcnt 
vertices (Figure El^C)) by adding extra 1-handles and 2-handles (stabilizations of 
the Heegaard splitting, see Figure [5]). We denote the new vertices by F'f, F"f, 
... which originally belonged to F^. The dual of the graph gives a triangulation 
of dB (Figures El^D) and[5l^E)). By abuse of notation, we denote the triangles dual 
to the vertices F'f, F"f, ... by the same symbols. Taking a cone from an interior 
point of B, we obtain a triangulation T oi B into An tetrahedra. Regluing the 
triangles F'+, F"+, ... to F'~ , F"l , we obtain a triangulation of - N{K) 
into 4n tetrahedra, which was explained in |Wee] . We remark that this is not a 
triangulation in the usual sense: it is not a simplicial complex, moreover the link 
of some 0-simplex is not homeomorphic to the 2-sphere. Actually there exists only 
three 0-simplices, one is the cone point in B (north pole in [Wee) ) . second is the 
0-simplex corresponding to the complementary regions of the diagram (south pole) , 
the last one is a 0-simplex whose small neighborhood is homeomorphic to the cone 
over the torus dN{K). 

Using this triangulation, we construct a triangulation of the cyclic branched 
covering Ci. Let Bo,Bi,. . . ,Bi-i be I copies of B and Tg be the triangulation of 
Bs we have constructed. We denote the triangles F'f, F"f, ... on dBs by F'f,,, 
F"fg, ... respectively. By abuse of notation, we regard F'f^, F"fg, ... simply as 
F^^. Glue Ts's along their boundary triangles by the following identification maps 

Ks^Ks-i (*-l,2,...,n, s^O,l,...,l-l). 
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Figure 8. 



Denote this triangulation by T. We define an ordering of each tetrahedron by 
assigning to the interior vertex of i?s, 1 to the vertex corresponding to comple- 
mentary region of the diagram, 2 to the vertex corresponding to under-crossing arc, 
3 to the vertex corresponding to over-crossing arc, respectively (Figure [7]). The or- 
derings are compatible under the gluing maps. So T is an ordered 3-cycle. Here T 
is a triangulation of Ci except near the 0-simplex corresponding to whose small 
neighborhood is homeomorphic to a cone over a torus. We can resolve this singu- 
larity by inserting a suspension of a 2Z-gon around K (Figure E]). As a result, we 
obtain an ordered 3-cycle homeomorphic to Ci . (This procedure is called "blowing 
up" at a 0-simplex in jNeu| .) 

We construct a group cycle given by Ci and a representation p : 7ri(C;) — > G 
using the triangulation T. Here p is given by the set {p{xi_s)} C G satisfying 

p(xfc,s) = pixj^s-i)~^pixi^s-i)piX],s) ihj, k as in FigurejU s = 0, 1, 1), 
pixifi) = pixi^i) = pixi^2) = • • • = p{xij_i) = 1. 

Give a labeling of vertices on Ts for each s. Let {gi , 52 ,53) be the labeling of vertices 
on -fj and {91,92:93) be the labeling of vertices on F^^. If these are related by 

P(a;j,s)(5i, 52,53) = (5^,. 92^53) 

then we obtain a G- valued 1-cocycle A on T by gluing Ts using p. To obtain a group 
cycle given by Ci and p, we insert a suspension over a 2/-gon to T at the 0-simplex 
corresponding to K . We give an ordering on the vertices of each tetrahedron of the 
suspension compatible with the ordering on the 2/-gon, e.g. order the central 0- 
simplex maximal. These tetrahedra inherit a vertex labeling by G on the boundary 
faces of the suspension. We assign any labeling at the central 0-simplcx of the 
suspension. Then upper and lower tetrahedra have the same labelings with different 
orientations. So these cancel out in pairs and give no contribution to the group 
cycle represented by Ci and p. Therefore the homology class given by T and A 
represents the homology class given by Ci and p. 

5. QUANDLE HOMOLOGY 

In this section, we review the definitions of quandlcs, rack (co)homology and 
quandle (co)homology. Our treatment of quandle (or rack) homology follows that 
of |EGj . In ^5.21 and §5.31 we recall the notions of colorings and quandle cocycle 
invariants defined in [CJKLSj . 
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Figure 9. d{g{x, y, z)) = -{g{y, z) - gx{y, z)) + {g{x, z) - gy{x * 
2/i z)) - {9{x, y) - gz{x * z,y * z)). Here x,y,z G X and g & Gx- 
Edges are labeled by elements of X and vertices are labeled by 
elements of Gx- 

5.1. Quandle and quandle homology. A quandle X is a set with a binary 
operation * satisfying the following axioms: 

(Ql) X * X = X for any a; G X, 

(Q2) the map *y : X ^ X defined by a; (-> a; * y is a bijection for any y E X, 
(Q3) (x * y) * z = {x * z) * {y * z) for any x,y, z G X. 

We denote the inverse of *y by *~^y. For a quandle X, we define the associated 
group Gx by 

Gx ^ {x e X\y~^xy ^ X * y {x,yeX)}. 

A quandle X has a right Gx-action in the following way. Let be 
an element of Gx where Xi G X and = ±1. Define x * g ^ {■ ■ ■ {{x xi) 
X2) • • • ) a;„. One can easily check that this is a right action of Gx on X. So the 
free abelian group generated by X is a right Z[G'x]-module. 

Let C^{X) be the free left Z[G'x]-module generated by X". We define the 
boundary map C^{X) -J> C^_i(X) by 

n 

5(a;i,X2, . . . ,x„) = . . . , f;, . . . , x„) 

i=l 

(xi * , . . . , Xi—i * Xi , Xi-f 1 , . . . , X,i)). 

Figure IHl shows a graphical picture of the boundary map. Let C!^{X) be the 
Z[Gx]-submodule of C^{X) generated by (xi,...,x„) with Xi = .x^+i for some 
i. Now C,f (X) is a subcomplex of G^{X). Let G^(X) = C,f (X)/Gf (X). For 
a right Z[GA']-modulc A/, we define the rack homology of M by the homology of 
C^{X-M) = Af (^ziGx] C'n (-^) and denote it by H^{X;M). We also define the 
quandle homology of A/ by the homology of G^{X; M) = M <8)z[Gx] ^ni-^) and 
denote it by H^{X;M). The homology H^{X;Z), here Z is the trivial Z[Gx]- 
module, is equal to the usual quandle homology H^{X). Let y be a set with a 
right Gx-action. For any abelian group A, the abelian group A[Y] freely generated 
by Y over A is a right Z[Gx]-module. The homology group H^{X; A[Y]) is usually 
denoted by HQ{X;A)y ([Ea^). 
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Let be a left Z[G'x]-module. We define the rack cohomology H^(yX\N) by 
the cohomology of C^{X]N) = llom^[Q^-^{C^{X), N). The quandle cohomology 
Hq{X;N) is defined in a similar way. For a set Y with a right Gx-action and 
an abelian group A, we let Func(y, A) be the left Z[Gx]-niodule generated by 
functions (j) : Y ^ A, where the action is defined by {g(f>){y) = <P{yg) for y e y 
and g £ Gx- The cohomology group HQ{X]¥\mc{Y, A)) is usually denoted by 

([Ki^). 

5.2. Shadow coloring and associated quandle cycle. Let X be a quandle. Let 
L be an oriented link in 5*^ and D be a diagram of L. An arc coloring of D is an 
assignment of elements of X to arcs of D satisfying the following relation at each 
crossing, 

X *y 



where x, y G X. By the Wirtinger presentation of the knot complement, an arc 
coloring determines a representation of 7ri(S''^ — L) into the associated group Gx- 
This is obtained by sending each meridian to its color. 

Let y be a set with a right Gx action. A region coloring of D is an assignment 
of elements of Y to regions of D satisfying the relation 



r ■ X 

4 >x 



for any pair of adjacent regions, where r G Y and x £ X. A pair S = {A,TZ) is 
called a shadow coloring. If we fix a color of a region of D, then colors of other 
regions are uniquely determined. Therefore there always exists a region coloring 
compatible with a given arc coloring. 

Wc define a cycle C{S) of G^(Ar;Z[y]) for a shadow coloring S. Assign +r (E) 
{x, y) for a positive crossing and —r ® (x, y) for a negative crossing colored by 



respectively. Then define 

C{S) = ^crc®{x,,y,) e C^{X--L[Y\), 

c:crossing 

where Ec = ±1- We can easily check that 

Proposition 5.1 (see |IK| ) . G{S) is a cycle and the homology class [C{S)] is 
invariant under Reidemeister moves. Moreover it does not depend on the choice of 
the region coloring if the action of Gx on Y is transitive. 

So the homology class [G(iS)] is an invariant of the arc coloring A in many cases. 
There are two important sets with right Gx-action: one is when Y consists of one 
point {*} and the other is when Y — X. Eisermann showed that the cycle [C{S)] 
for Y ~ {*} is essentially described by the monodromy of some representation of the 
knot group along the longitude ( |Eisl| . jEis2| ). So we concentrate on the invariant 
[G (5)] in the case oiY^X from now on. 
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5.3. Quandle cocycle invariant. Let X be a quandle with \X\ < oo. Let A be 

an abclian group and / be a cocycle of Hq{X; Func(X, A)). We define the (shadow) 
quandle cocycle invariant by 

^ {f,C{S))eZ[A]. 

5:shadow colorings 

Here the sum is finite because there are only a finite number of shadow colorings 
of D. This is an invariant of oriented knots by Proposition 15.11 If Gx acts on X 
transitively (i.e. X is connected), (/, (7(5)) does not depend on the choice of a 
region coloring TZ by Proposition [5J] thus 

:arc coloring 

coincides with the quandle cocycle invariant, where 7?. is a region coloring compat- 
ible with A. 

We can regard / e C2^{X; A) as an element of C'^~^{X- Func(X, A)) by 

/(xi,a;2,...,a:„_i)(r) = /(r, a;i, X2, . . . , a;„_i). 

This gives a homomorphismi?^(X; A) ^ //^"^(X; Func(X, A)). Therefore a quan- 
dle 3-cocycle / S Hq{X]A) gives rise to a quandle cocycle invariant. Explicitly, 
the cocycle invariant has the following form: 

E E '^cf{rc, XcVc) & ^A] 

S — {A,TZ), crcrossing 
A :arc coloring 

where xd/c S X are given by A and Vc € X are given by TZ. 

6. H,f{X;Z) AND THE MAP H^{X]Z[X]) H^_^^{X;Z) 

Let X be a quandle. Let C^{X) = spang{(xo, . . . ,Xn)\xi G X}. We define the 
boundary operator of C^{X) by 

n 

d{xo, x„) = ^(-l)*(a;o, . . . , Xi, . . . , Xn)- 

1=0 

Since X has a right action of Gx, the chain complex G^{X) has a right action of 
Gx by (xo, . . . , Xn) * g = {xo * g, ■ ■ ■ ,Xn * g)- Let M be a left Z[G'x]-module. We 
denote the homology of C^{X) (^z[Gx] ^ ^ly H^{X; M). For any abehan group 
A, we can also define the cohomology group H'^{X] A) in a similar way. 

Let /„ be the set consisting of maps / : {1,2,--- ,n} {0,1}. We let |t| 
denote the cardinality of the set {i \ i{i) = 1, 1 < « < n}. For each generator 
r (g) {xi,X2, ■ ■ ■ , Xn) of Cn{X; Z[X]), where r,xi, . . . ,Xn G X, we define 

r{L) ^r*{xf^xf^ ■■■x'^^'''>) £ X, 

x{,,^=x,*{:^'^x'^---x^)£X, 

for any /, e /„. Fix an element q £ X . For each n> 1, we define a homomorphism 

^ : Z[X]) C^+,{X) ^^^[Gx] ^ 
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r * a; x r 
r (g) {x,y) 

q q 

^ X * y 

r * {xy)~ 



r * x X 



{q,r,x,y) ~ {q,r* x,x,y) 
~{q,r*y,x*y,y) + {q, r * {xy), x*y,y) 



Figure 10. 



by 

(6.1) (p{r (g) {xi,X2,- ■ ■ ,Xn)) = ^(-l)'''((7,r(t),a;(i, l),a;(i,2),... 

Lei„ 

For example, in the case n = 2 (see Figure [TU|) . 

(p{r (g) {x, y)) ^ {q, r, x, y) - {q,r * x, x, y) - {q,r*y,x* y, y) + {q, {r * x) * y,x * y,y), 

and in the case n = 3, 
(p{r^{x,y,z)) = 

(q,r,x,y,z)- {q,r * x,x,y, z) 
— {q,r * y,x * y,y^ z) ~ (q,r * z,x * z,y * z, z) 
+ {q, (r * x) * y,x * y, y, z) + (q, (r * .t) * z, x * z,y * z, z) 
+ {q, (r * y) * z, (a; * J/) * z, y * z, z) — {q, ((r * a;) * y) * z, (x * y) * z, y * z, z). 

Theorem 6.1 ([IK]). The map ip : C,^{X;Z[X]) — > C^+i(X) Z is a chain 

map. 

Therefore ip induces a homomorphism (y3» : H^{X;Z[X]) — >■ H^j^-^{X\Z). We 
remark that the induced map (p* : H^{X-Z[X]) iJ,f+i(X;Z) does not depend 
on the choice oi q€ X (jlKj). 

In general, it is easier to construct cocycles of H^_^i{X) from group cocycles of 
some group related to X than those of i?^(X; Z[X]). If we have a function / from 
X^^"^ to some abelian group A satisfying 
fc+i 

(1) ^(-l)7(a;o, Xk+i) = 0, 

1=0 

(2) f{xQ * y, . . . , Xfc * y) = /(xq, ■■■,Xk) for any y eX, 

(3) /(xo, . . . = if = Xi+i for some i, 
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then / is a cocycle of H^{X;A) and ip*f is a cocyclc of Hq ^{X;Func{X, A)). 
Moreover, (p* f can be regarded as a cocycle in Hq{X; A) by 

{ip*f){r,Xi,...,Xk^i) = {(p*f){xi,...,Xk-i){r). 

We will construct functions satisfying these three conditions from group cocycles. 



7. Cocycles of dihedral quandles 

For any integer p > 2, let i?p denote the cyclic group Z/p with quandle operation 
defined hy x * y = 2y — x mod p. Actually this operation satisfies the quandle 
axioms. The quandle Rp is called the dihedral quandle. In this section, we construct 
quandle cocycles of Rp from group cocycles of G = Z/p. In the next section, we 
will propose a general construction of quandle cocycles from group cocycles. 

7.1. Group cohomology of cyclic groups. Let G be the cyclic group Z/p [p is 
an integer greater than 2). The first cohomology H'^{G]'L/p) = Hom(Z/p, Z/p) is 
generated by the 1-cocycle hi defined by 

hi{x) = X. 

The connecting homomorphism 5 : H^{G,'Z/p) — > H'^{G;'Z) of the long exact 
sequence corresponding toO— >Z— >0 maps bi to a generator of 
-ff^(G';Z), and the reduction _ff^(G';Z) — )■ H'^{G;Z/p) maps it to a generator 62 of 
H^{G;Z/p). Explicitly we have 

(^•1) b,ix,y)^-iy-x + y + l,) = ^^ otherwis^ 

where x is an integer < x < p such that x = x mod p. Cup products of hi 's 
and 62 's are also cocycles. Moreover, when p is an odd prime, it is known that 
any element of H*(G\'L/p) can be presented by a cup product of &i's and 62's, see 
e.g. |Ben[ Proposition 3.5.5]. We remark that 61 and 62 and their products are 
normalized cocycles. 

7.2. Cocycle of Rp. For an integer p > 2, let / be a normalized fc-cocycle of 
H''{G,Z/p). Regarding i?p as G = Z/p, we obtain a map / : (i?p)'^+^ — > Z/p 
satisfying 

fe+i 

(1) J2{~lyf{xo,...,X^:■■■,Xk+l)=0, 

1=0 

(3) f{xQ, . . . , Xfc) = if Xi = for some i, 
by using the homogeneous notation (i j2.ip . If / also satisfies the condition 

(2) f{xo * y, . . . , Xfc * = f{xo, ...,Xk) for any y e Rp, 

then / gives rise to a quandle fc-cocycle of Hq{Rp;Z/p) by the construction of 
SectionH Define / : (i?p)'=+i Z/p by 

(7.2) f{xo,...,Xk) = f{xo,...,Xk) + f{-xo,...,-Xk). 

Then / satisfies the condition (2) by the left invariance of the homogeneous group 
cocycle. It is easy to check that / also satisfies the condition (1) and (3). So we 
obtain a quandle fc-cocycle. 
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x + y 



X 



Figure 11. The value of d(a;, y). 

We give an exphcit presentation of the 3-cocycle arising from 6162 € H^{G\ l^/p). 
Let 

d{x, y) = b2{x, y) - b2{-x, -y) 

then d is a 2-cocycle. (We can check that d is cohomologous to 262.) Then by the 
definition (equation (|7.2p '). 6162 is given by 

[x\y\z\ ^ X ■ d{y,z). 

By definition we have 

(7.3) d{-x,-y) ^ -d{x,y) 

and 

{1 iix + y>p 
-1 ifx + y<p,x^Oandy^O 
otherwise. 

We remark that the cocycle d can be easily understood geometrically. Identify 
i G with the complex number where C = exp(27r\/— 1/p). Then d{x,y) = — 1 
if {Q,x,x + y) is counterclockwise, d{x,y) = +1 if {0,x,x + y) is clockwise and 
d{x,y) = if {0,x,x + y) is degenerate (Figure [TT]). This interpretation and the 
equation (j7.3l) make various calculations easy. 

Proposition 7.1. The quandle 3-cocycle arising from 6162 G H'^{G]'L/p) has the 
following presentation: 

(7.5) {x,y,z) 1-^ 2z{d{y ~ x,z ~ y) + d{y - x,y - z)) {x,y,zeRp). 

This is a non-trivial quandle 3-cocycle of Rp with Ijp coefficient. 

Proof. In (|6.ip . since the map tp^, does not depend on the choice of g G i?p, we let 
q = 0. Then we have 

(p{x, y, z) = (0, X, y, z) - {0,x* y, y, z) - {0,x * z,y * z, z) + (0, {x *y) * z,y * z, z) 
=(0, X, y, z) - (0, 2y - .t, y, z) - (0, 2z ~x,2z- y, z) + (0, 2z - 2y + x, 2z - y, z) 

for x,y, z € Rp. Rewriting in inhomogeneous notation, this is equal to 

[x\y - x\z - y] - [2y - x\x - y\z - y] 

— [2z — x\x — y\y — z] + [2z — 2y + x\y — x\y — z]. 
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Figure 12. A shadow coloring of (2,p)-torus knot by Rp. (For 
any x,y,r £ Rp.) 



The evaluation of &162 on this cycle is 

X ■ d{y - x,z - y) - (2y - x)d{x -y,z-y) 
- (2z - x)d{x - y,y - z) + {2z - 2y + x)d{y -x,y- z) 

=x ■d{y-x,z-y) + (2y - x)d{y ~ x,y - z) 

+ (2z — x)d{y — X, z — y) + (2z — 2y + x)d{y — x,y ~ z) 

=2z ■d{y-x,z-y) + 2z- d{y -x,y~ z). 

We will see that this cocycle is non-trivial because the evaluation on the cycle 
given by a shadow coloring S of the (2,|))-torus link (Figure [12]) is non-zero. Color 
two arcs hy x,y S Rp as in the Figure 1121 Then other arcs must be colored by 
(i + l)y — ix by the relations at the crossings. Let r be the color of the central 
region. Then we have 

C{S) = ^ r (g) (wy - (i - l)x, [i + l)y - ix). 

i=0 

We assume that r ~ and a; = 0. Evaluation of the cocycle on C{S) is equal to 

p-i 

Y,'2i^ + '^)yid{iy,y) + d{iy,-y)) 

i=0 

p-1 



2yJ2ii + m(.iy,y)-di~iy,y)) ( by JL3 ) 

i=0 
p-1 

2y ^((i + ^)d{iy, y) + ii~ l)d{iy, y)) 



i=0 
p-1 



4yX!* ' d{iy,y)- 



i=0 



By the next lemma, this is equal to — 4y mod p. □ 

Lemma 7.2. Let p > 2 be an integer. For < y < p, we have 
p-1 



i—O 



y p: odd 

even 



When y ~ 0, the left hand side is 0. 
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Proof. When y ^ 0, this is straightforward since d{x, 0) = for any < a; < p. 
When y is a unit in Z/p, by (|7.4p we have 



p—i p^i ■ 



^i- d{iy,y) - ■ d{i,y) 

i=0 i=0 ^ 



-(-1-2 (p-y-l) 

y 

+ {p-y + l) + {p-y + 2) + --- + ip-l)) 

1 [ {p-y-'^)iy-p) iy-i)i2p-yy 
y \ 2 

^ f 2 P . o„.. P^ 



-y\-y^-2^''py-^ 

P 1 

2 y 

This is equal to — y when p is odd. When p is even. — p/2 ■ \/y = p/2 mod p since 
1/y is a unit in Z/p. 

When 2/ is not a unit in Z/p, let c be the greatest common divisor of y and p. 
Then 

p— 1 p/c—l 

^ i ■ d{iy, y) = c ^ ^ • d(jc, y) 
j=o i=o ^' 

= — r y] j ■dij,y/c). 

y/c ^-^ 

Since y/c is a unit in Z/{p/c), this reduces to the previous case. □ 

Since 2 is divisible in Z/p when p is odd, we have 
Corollary 7.3. When p > 2 is an odd number, 
(7.6) {x, y, z) z{d{y - x, z - y) + d{y - x,y - z)) 

is a non-trivial quandle 3-cocycle of Rp with TLjp coefficient. 

When p is prime, it is known that dim^p Hq{Rp] ¥p) = 1. Therefore our cocycle 
is a constant multiple of the Mochizuki 3-cocycle jMocj . We remark that when p is 
prime, dimpp Hq{Rp;¥p) was calculated by Nosaka [Noslj for any n, moreover he 
gave a system of generators of Hq{Rp; Wp). 

When p is an odd integer, Nosaka showed in |Nos2j that H^{Rp] Z) ^ Z/p. Since 
H^iRp',"^) is zero, we have Hq^Rp^l/p) = Z/p. This means that there exists a 
non-trivial quandle 3-cocycle of Rp with Z/p coefficient. 

8. General construction 

In this section, we generalize the construction in the previous section to wider 
classes of quandles. We will construct a quandle cocycle of a faithful homogeneous 
quandle X from a group cocycle of Aut(X) when an obstruction living in the second 
cohomology of Aut(X) vanishes. 
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8.1. Let G be a group. Fix an element h G G. Let Conj(/i) = {g^^hg\9 £ G}. 
Now Conj(/i) has a quandlc operation hy x * y — y^^xy. In this section, wc shaU 
construct a quandle cocyclc of Conj(/i) from group cocycle of G. First we shaU 
show that this class of quandlcs is not so special. 

Let X be a quandle. We denote the group of the quandle automorphisms of X 
by Aut(X). We regard an automorphism acts on X from the right. For x € X, 
let S{x) be the map which sends y to y * x. By the axioms (Q2) and (Q3), S{x) 
is a quandle automorphism. X is called faithful if 5 : X — > Aut(X) is injective. 
A quandle X is homogeneous if Aut(X) acts on X transitively. The following 
lemma was essentially shown in Theorem 7.1 of [Joy], but we include a proof for 
completeness. 

Lemma 8.1. Every faithful homogeneous quandle X is represented by Conj(/i) with 
some group G and h ^ G. 

Proof. For x € X and g G Aut(X), we have S{xg) — g~^S{x)g. In fact, {y)S{xg) = 
y * {xg) = {yg-'^ * x)g = {y)g~^S{x)g for any y eX. 

Let G = Aut(Ar) and fix an element xq G X. Put h = S{xq). Because X 
is homogeneous, for any a; G X, there exists g £ G such that x = xog. So we 
have S{x) — S{xQg) = g~^hg, namely S(x) G Conj(/i). Therefore we obtained a 
homomorphism S : X ^ Conj(/i). This is surjectivc since g~^ S{xQ)g ~ S(xQg), 
and injective since X is faithful. □ 

Let Z{h) ~ {g G G\gh = kg} be the ccntralizer of h in G. 

Lemma 8.2. A map 

Conj(/i) ^ Z{h)\G 
g~^hg Z{h)g 

is well-defined and bijective. 

Proof Let g^^hgi = g2^hg2. Then igig2^y^Hgig2^) = so gig^^ G Z{h) and 
gi G Z{h)g2. This means that gi and g2 belong to the same right coset. There- 
fore the map is well-defined. By a similar argument, we can show the injectivity. 
Surjectivity is trivial by definition. □ 

From now on we study the quandle structure on Z{h)\G and construct a section 
of the projection tt : G ^ Z{h)\G. The quandle operation on Conj(/i) induces a 
quandle operation on Z{h)\G: 

Z[h)gi * Z[h)g2 O [g^'^hgi) * (32^^/132) 

= {g2^hg2r^igi^hgi){g2^hg2) 

= {gig2^hg2y^h{gig2^hg2) 

^ Z{h)gi{g2^hg2). 

This quandle operation on Z{h)\G lifts to a quandle operation * on G by 

(8.1) g-fig2^h-^gi{g2^hg2) (51,32 SG). 

We can easily check that ^ satisfies the quandle axioms (the inverse operation is 
given by gi* ^g2 — hgig2^h~^g2) and the projection map tt : G ^ Z{h)\G is a 
quandle homomorphism. We remark that the quandle operation given by ()8.1|) has 
been already studied by Joyce |Joy| and Eisermann [Eislj . 

20 



Let s : Z{h)\G — > G be a section of tt, i.e. a map (not a homomorphism) 
satisfying t: o s ~ id. Since s{x * y) and s{x)'is{y) are in the same coset in Z{h)\G, 
there exists an element c(x, y) £ Z{h) satisfying 

s(x)'is{y) — c{x, y)s{x * y). 

Lemma 8.3. IfZ{h) is an abelian group, c : Z {h)\G x Z {h)\G — > Z{h) is a quandle 
2-cocycle. If the cocycle c is cohomologous to zero, we can change the section s to 
satisfy s{x * y) = s{x)*s{y). 

Proof. For Ci,C2 G Z{h) and .91,(72 G G, we have 

(ci.9iF(c2.92) = h^^cigig~^c^^hc2g2 = Cih^^gig^^hg2 = Ci{gi*g2)- 
Therefore 

{s{x)'is{y))'is{z) ~ {c{x, y)s{x * j/))7.s(z) 
(8.2) = c{x,y){s{x*y)*s{z)) 

= c(x, y)c{x * y, z)s{{x * y) * z) 

and 

(s(x)^s(z))?(s(j/)^s(z)) = {c{x, z)s(x * z))Tf{c{y, z)s{y * z)) 
^ ^ = c{x, z)c(x * z,y * z)s{{x * z) * {y * z)) 

for any x,y,z £ Z{h)\G. Comparing (|8.2p and (|8.3p . we have 

c(.T, z)c(a; * y, z)~"'"c(a;, y)~"'"c(a; * z, y * z) = 1. 

By s{x)'is{x) — s{x), we also have c{x,x) — 1. 

If c is cohomologous to zero, then there exists a map h : Z{h)\G — > .^(/i) 
satisfying c{x,y) = b{x)b{x * y)~^. Put s'(a;) = 6(x)~^s(x), then s' satisfies 
s'{x)*s'{y) — s'{x *y). □ 

Remark 8.4. The 2-cocycle c has already appeared in |Eisl] in a similar context. 

Example 8.5. Let G be the dihedral group D2p = {h,x\h'^ = x^ = hxhx = 1) 
where p is an odd number greater than 2. Then we have Z{h) = {l,h} and 
Conj(/i) = {x^'^hx^\i = 0, 1, . . . ,p — 1} = {hx^^\i = 0, . . . ,p — 1}. We can identify 
x~'/ix* e Conj(/i) with i E Rp ^ {0, 1, 2, ... ,p — 1}. Define a section s : Z{h)\G 
Gby 

Conj(/i) = Z(/i)\G A G 

Wl LU LU 

x~^hx'- O Z{h)x^ ^ hx'- 



Then we have 



s{Z{h)x' * Z(/i)x^) = s(Z(/i)a:2j-*) = hx'^^~' 
= /i-i(/ia;')(a;"J'/ix^) = s{Z{h)x')*s{Z{h)x^). 



Therefore c{x, y) = for any x,y € i?p. 
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8.2. Let G be a group. Fix h ^ G with /i' = 1 (/ > 1). In the following we assume: 

Assumption 8.6. Z{h) is abelian and the 2-cocycle corresponding to G — >■ Z{h)\G 
is cohomologous to zero. 

Under the assumption, we can take a section s : Z{h)\G — >■ G satisfying s{x*y) = 
s{x)*s{y) by Lemma [531 Let / : G'^^^ — > ^ be a normalized group fc-cocycle of G 
in the homogeneous notation, where A is an abelian group. Then / satisfies 

k+l 

(1) Y.{~lyf{xo,...,£^,...,xk+l)=o, 

i=0 

(2) figxo, . ■ .,gxk) = /(xq, ■■■,Xk) for any g e G (left invariance), 

(3) f{xo, . . . , Xfe) = if = Xi+i for some i. 

Since it is convenient to use a right invariant function in the following construction, 
we modify the condition (2) by 

(2') f{xog, . . . , Xkg) = ./(xq, . . . , Xk) for any g G G (right invariance), 
by replacing f{xo, ...,Xk)hy /(xg \ . . .,x'^'^). Define / : Conj{h)''+^ ^ -4 by 

i-i 

f{xo....,Xk) = ^ f {h' s{xo), . . . , h' s{xk)) 

1=0 

for xo, . . . ,Xfe e Conj(/i). 

Proposition 8.7. The function f satisfies the conditions (1), (2) and (3) of Section 
Therefore f gives rise to a k-cocycle of H^{Goni{h); A). 

Proof. It is clear that (1) and (3) are satisfied from the conditions on a normalized 
group cocycle in the homogeneous notation. We only have to check the second 
property. 

f{xo *y,...,Xk*y) 
= f{h's{xo *y),..., h''s{xk * y)) 

i=Q 

= fif^'^MMy), • ■ • , h's{xk)*s{y)) 

i=Q 

= J2 f{h'~'s{xo){s{yr'hs{y)), . . . , h^-h{xk){s{yr'hs{y))) 

i=0 

= ^ f{h'^^^s{xo), . . . , h^^^s{xk)) (right invariance) 

1=0 

= /(xo, . . ■,Xk). 

□ 

Combining with the arguments of Section [SI we have 

Corollary 8.8. If Z{h) is abelian and the 2-cocycle corresponding to G ^ Z{h)\G 
is cohomologous to zero, then there is a homomorphism 

H^\G-A)^H'^{Con]{h)-A) 

for any abelian group A. 
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8.3. We return to the case of Rp discussed in the previous section. We assume that 
p is an odd integer greater than 2. Let G be the dihedral group D2p ~ {h,x\h'^ = 

= hxhx ~ 1). Consider the short exact sequence 

(8.4) ^ Z/p ^ ZJap ^ Z/2 -> 0. 

We regard Z/2 as {1, K] by taking coset representatives in D2p. Then Z/2 acts on 
Z/p by h{x'') = x~^ . This induces the restriction map 

We can show that this homomorphism is an isomorphism (Proposition III. 10.4 of 
jBroj ). To obtain a group cocycle of D2p from a group cocycle of Z/p, we need 
the inverse map, which is called the transfer. The transfer map is described as 
follows (see also |Broj ) . Let r be the map D2p — ?> Z/p defined by r(a;') = and 
rihx"^) = x~'\ For a cocycle / of H'''^{'L/p;'L/pY'/'^ , the image /' of the transfer is 
given by 

/'(.To,...,a:„) = /(rxo, . . . ,ra;„) + f{hrxo, ■ ■ ■ ,hrxn) 

in the homogeneous notation. When restricted to the image of s : Z{h)\G — > G, 
this is equal to the map defined in (j7.2p . Applying our construction for this group 
cocycle, we obtain a quandle 3-cocycle of Rp, which is twice the cocycle constructed 
in the previous section. 

8.4. We end this section by giving another homomorphism from H'"-{G;A) to 
i?g (Conj(/i); A) arising from more general context. 

Let X be a quandle and M be a right Z[Gx]-module. We can construct a 
map from the rack homology H^{X; M) to the group homology Hn{Gx', M). The 
following lemma is well-known, e.g. see Lemma 7.4 of Chapter I of |Bro| . 

Lemma 8.9. Let • • • — > Pi Pq ^ AI ^ be a chain complex where Pi are 
projective (e.g. free). Let • • • — > Gi — > Go — > iV — > 6e an acyclic complex. 
Any homomorphism M N can he extended to a chain map from {P*} to {G*}. 
Moreover such a chain map is unique up to chain homotopy. 

So there exists a unique chain map from G^(X) to G,(Gx) up to homotopy. 
This map induces M «)z[Gx] Cfi^) ^ M ®i[Gx] C*{Gx) and then H!^{X; M) 
Hn{Gx', M). Using normalized chains in group homology, we can also construct a 
map H^{X; M) — > iJ„(Gx; M). We give an explicit chain map. Let (xi, . . . , Xn) 
be a generator of G^{X). We define a map -0 by 

V'((a;i,...,a;„)) = ^ sgn{a)[y„s\- ■ AVcA' ' ■\y'yA 

where y^.i € X is defined for a permutation a and i G {1, . . . , n} as follows. Let 
< i be the maximal set of numbers satisfying a{i) < (7{ji) < cr(j2) < 
■ ■ ■ < a{ji). Then define 

A graphical picture of this map is given in Figure [T51 For example, when n — 
V'((a;,2/, 2)) =[a;|y|z] - [x\z\y * z] + [y\z\{x * y) * z] - [y\x * y\z] 
+ [z\x * z\y * z] — [z\y * z|(x * y) * z], 

for (x, y, z) G Gf (X). Dually, we also have a map H''{Gx;M) H'^{X; M). 
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[x * y) * z 




Figure 13. 



We apply this map for Conj(/i). Since there exists a natural homomorphism 
from the associated group Gconj(ft) to G, we have a homomorphism 

ff"(G; A) ^ iJ"(Gco„j(h); A) -> H^{Conm;A). 

Fenn, Rourke and Sanderson defined the rack space BX in |FRSj . Since 'Ki{BX) 
is isomorphic to Gx, there exists a unique map, up to homotopy, from BX to 
the Eilenberg-MacLane space KiGxA) which induces the isomorphism between 
their fundamental groups. This map induces a homomorphism H"(Gx] M) — >■ 
Hq{X;M), which is equal to the map we have constructed in this subsection. 
Clauwens showed in Proposition 25 of |Cla| that this map vanishes under some 
conditions on X and M. In particular, when p is odd prime, iJ"(L'2p; Z/p) — > 
Hq{Rp] 1/p) vanishes for n > 0. 

9. QUANDLE CYCLE AND BRANCHED COVER 

In this section, we study the dual of the previous construction. We will show 
that the cycle C{S) associated with a shadow coloring S = {A, TV) of a knot K 
gives rise to a group cycle represented by a cyclic branched covering along K and 
the representation induced from the arc coloring A. 

9.1. Let X be a quandle. Let be a diagram of a knot K. For a shadow coloring 
S = {A,TV} of D whose arcs and regions are colored by X , define A* a and TZ* a 
for a e X by 

{A * a){x) = A{x) * a, {TZ * a){r) = Ti{r) * a (for any arc x and region r). 

By the axiom (Q3), S * a ^ {A * a,TZ * a) is also a shadow coloring. 

In the following, we assume that X ~ Conj(/i) for some group G and h G G and 
satisfies Assumption l8.6l As in the previous section, let s : Conj(/i) = Z{h)\G G 
be a section satisfying s{a * b) = s{a)*s{b) for a,b G X. Let 

L : C^{X) -> G„(G;Z) : (ao,...,a„) (s(ao), . . . , s(a„)). 

Composing with ip : C^{X; T,[X]) — > C^j^i{X), we have a map 

C^iX^-LiX]) A C^{X) 4 G3(G;Z). 

For a shadow coloring 5, np{G{S)) is not a cycle of Cz{G;1) in general. But we 
can show 
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s{{ai * aj) * 
1 ' \ s({r * aj) * a-^ ) 



s{{ai * aj) * a-^ ) 




s(r' * a-^") I 




Figure 14. A labeling at a crossing, (r' = r a^.) 



Theorem 9.1. Let S ~ {A,TZ) be a shadow coloring of a diagram D of a knot K 
by Conj(ft,). Let a G Conj(/i) be the color of an arc of D. If = 1, 

(9.1) Lif{C{S)) + L^{C{S * a)) + Lip{C{S * a^)) + • • • + np{C{S * a'-^)) e CsiG; Z) 

is a group cycle represented by the I -fold cyclic branched covering Ci along the knot 
K and the representation 7ri(C;) — > G induced from the arc coloring A. 

Proof. Let .Ti,...,a;„ be the arcs of the diagram D such that a = A{xi). We 
denote the color A{xi) by Oi (oi = a). The arc coloring A induces a representation 
p : 7ri(5'3 -K)^G. Using s : Z{h)\G ^G, pis given by 

p{xi) = s(a,;)^"'^/is(a,;) G Conj(/i) C G. 

We have 

s{b * ai) = h^^s{b)s{ai)^^hs{ai) ~ h^^s{b)p{xi) G G, 
s(5 fli) = hs{b)s{ai)~^ s{ai) = hs{b)p{xi)~^ G G, 
for any b G Conj(/i). So we have 

s{{b * flj) * a'^") = /^■'''"^s(6)p(a::^)p(a;l)"^ 
s(6 * a^'+^) = h'-'sib)p{xi)-'+\ 

Since 

= p{xl~^XiX];'') = p(a;i)^"V(a;i)p(2;i)"'' 

by (|4.ip . wc have 

(9.2) s(5 * ar'^') = s((& * a«) * ar')p(^-«)"'- 

Let Ts(s = 0, 1, . . . / — 1) be copies of the triangulation of a 3-ball with a vertex 
ordering on each tctrahcdra constructed in Section 3] (Figure [5] and [T]) . Then we 
define a labeling of vertices of Ts by np{C{S * aj'"^^)) (sec Figure fT4|l. The vertices 
of the face ^"'Js+i C T^+i is labeled by 

{s{{r * Oj) * Oi^), s((ai * flj) * C]^"), s(aj * ")) 
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and the vertices of the face F'^ c Ts is labeled by 

where r is the color of the region as indicated in Figure [T31 By (|9.2p the labelings 
of the face -F'^^+i and F'l^ ,, are related by 

Therefore this gives a G- valued 1-cocycle on T as constructed in Section Thus 
the chain given by (|9.ip is a cycle represented by the cyclic branched cover Ci and 
the representation induced from the arc coloring A. □ 

9.2. We end this section by comparing the shadow cocycle invariant of the (2,p)- 
torus knot [p: odd) for the 3-cocycle obtained in Section[7]and the Dijkgraaf-Witten 
invariant of the lens space 1). 

Let G be a finite group and a be a cocycle of H^{G; A) where A is an abelian 
group. Dijkgraaf and Witten defined an invariant of closed oriented 3-manifolds for 
each a. For an oriented closed manifold M , it is defined by 

^ {p*a, [M]) e Z[A] 

where p*a is the pull-back of a by the classifying map M — > BG corresponding 
to p. Since 1) is a double branched cover along the (2,p)-torus knot, the 
cycle obtained from a shadow coloring by Rp gives rise to a group 3-cyclc of 
represented by L{pA) by Theorem 19. II Since every representation of 7ri(L(p, 1)) ^ 
Z/p into D2p reduces to a representation into Z/p, it is natural to ask whether the 
shadow cocycle invariant for our quandle 3-cocycle coincides with the Dijkgraaf- 
Witten invariant for 6162 £ H^{'L/p;'L/p). As we remarked in the introduction, 
these invariants coincide up to some constant by the result of Hatakenaka and 
Nosaka }HNj when p is prime. 

Let S be the shadow coloring indicated in Figure [T^ Since the homology class 
[C{S)] does not change under the action of Rp on the shadow coloring S (see Lemma 
4.5 of [IK]), we assume that x = 0. As computed in ^17.21 the evaluation of the C{S) 
at the 3-cocycle derived from 6162 is equal to — mod p. Therefore the shadow 
cocycle invariant is 

p— 1 p— 1 

p^i-V ^pY^t-y' eZ[t]/{t^ -i)^'L[l./p]. 

y=0 y=Q 

We compute the Dijkgraaf-Witten invariant of the lens space L{p,q) for the 
group 3-cocycle 61 &2 & {1, / p; Z / p) . Although this was computed in |M00| . we 
give a proof based on a triangulation. We represent q) by an ordered 3-cycle 
and give a labeling of 1-simplices as indicated in Figure [T5] Here the triple a, b and 
c must satisfy ~ 1 and b = a''bc. Using multiplicative notation, the evaluating 
of 6162 on this cycle is 

bib2{[a\ia + b\ — qa]) ~ a ■ b2{ia + 6, —qa) ~ —qa^. 

i=0 i=0 
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The second equality follows form the fact that ia + b runs over Z/p and the equation 
(j7.1|) when a is a unit, and also when a is not a unit by a similar argument. Therefore 
the Dijkgraaf-Witten invariant of L{p, q) is equal to 

p-i 

e z[t]/{tP - 1) = Z[z/p]. 

a=0 

Therefore this coincides with the shadow cocycle invariant up to a constant. 
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